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Structure-factor and least-squares expressions for cubic crystal systems with isotropic 
vibrations.* By NED C. WEBB,~ Gates and Crellin Laboratories of Chemistry, California Institute of Technology, 
Pasadena, California, U .S .A .  

(Received 7 May 1963) 

A set of expressions is presented for c~leulating structure- 
factors and least-squares coefficients for cubic structures 
wi th  isotropic tempera ture  factors. These expressions 
have been utilized in programming the Burroughs 220 
and IBM 7090 computers  to perform structure-factor 
least-squares calculations for any cubic space group; 
to direct the course of calculations for a particular 
space group, only the space group number  need be 
designated.  The expressions will complement  those 
presented by  Hybl  & Marsh (1961) for the or thorhombic 
system; however,  we will no t  now carry their  t r ea tmen t  
of anisotropie tempera ture  factors into the cubic system 
because of the  ext reme complexi ty  and unwieldiness of 
the  resul tant  structure-factor expressions and because 
of the generally assumed isotropic nature  of atoms in 
cubic structures. A set of expressions for tetragonal ,  
trigonal, and hexagonal  systems with anisotropic vibra- 
tions is being prepared for publication. 

Table 1. Definition of triple products and sums of 
triple products 

C = cos2n S = s{n2n 

Group I hx ky ~z hy kz ~x hz kx ~y 

C - Chx. Cky-C£z + Chy. Ckz. Clx + Chz. Ckx'C£y ~ c I + c Z + c 5 

E -= Shx-Sky-C~z + Shy'Skz-C~x + Shz'Skx. C~y n e I + e 2 + e 3 

G ~ Chx-Sky'SIz + Chy'Skz'S~x + Chz'Skx. S~y -- gl + g2 + g3 

-" Shx. Cky-S~z + Shy. Ckz. S~x + Shz. Ckx-S~y ~ i I + i Z + i 3 

E -- Shx. Sky-S~z + Shy'Skz. S~x + Shz-Skx'S~y ~ k I + k Z + k 3 

i%4- Shx-Cky. C~z +Shy-Ckz. C~x +Shz-Ckx. C~y ~ rnl+mz+rn 3 

O - Chx. Sky. C~z + Chy. Skz-C~x + Chz. Skx. C~y ~ o I + o Z + 05 

Q --" Chx. Cky. S~z .+ Chy-Ckz'S~x + Chz'Ckx'S~Y ~ ql + q2 + q3 

Group II hy kx {z hz ky ~x hx kz ~y 

D --- Chy. Ckx'C~z + Chz. Cky'C~x + Chx. Ckz'CIy ~ d I + d 2 + d 3 

F ~ Shy-Skx. C~z + Shz'Sky. C~x + Shx-Skz-C~y m fl + f2 + f3 

~ Chy-Skx. S~z + Chz-Sky. S~x + Chx. Skz'S~y ~ h 1 + h Z + h 3 

J =- Shy-Ckx-S~z ÷ Shz. Cky-S~x + Shx. Ckz-S~y ~ Jl + J2 + J3 

L~ Shy" Skx- Sl z + Shz'Sky. S~x + Shx. Skz'S~y -= ~i+~2+~3 

N m Shy. Ckx'C1z +Shz. Cky. C~x +Shx'Ckz'C~y ~ nl+nz+n3 

P m Chy'Skx'C~z + Chz. Sky. C~x ÷ Chx. Skz. C~y m Pl + PZ + P3 

i~ - Chy. Ckx'S~z + Chz'Cky. S~x + Chx-Ckz. S~y -= r I + r Z + r 3 

All of the geometrical  s tructure factors for the  cubic 
system have been reduced to sums of triple products  
of sines and cosines. A total  of 48 different triple products  
are util ized; these triple products  and the 16 sums of 
3 triple products are defined in Table 1. The triple 
products are divided into two groups. Space groups of 
symmet ry  T or Ta require expressions in group I only; 
furthermore,  the derivat ives with respect to the  para- 
meters  x, y, and z (and, of course, B) of any triple product  
in group I (or II)  are other  triple products  in group I 

(or II) mult ipl ied by + 2:~ . 

Table 2. Derivatives of triple products 

All derivatives to be multiplied by 2z. 
For example, read hm~ as 2zehm~ 

Group I Group IX 
x y z x y z 

ci -hmx -kol -~cLt dx -kPl -hnx -~rx 

ca -~q2 -hm2 -ko2 d2 -~r~ -kp 2 -hn2 

cs -kos -~qs -hms ds -hns -Zrs -l~s 

e2 hol kmx -~kx fl knx hPz -~i 

ee -~k2 hoa km2 f2 -ZZ2 kne hPa 

es kms -Zks hos fs hPs -ZZs kns 

gl -hkl kq~_ ~ol hz krx -h~x %Pz 

ge Zoa -hke kq~ ha ~P2 kr2 -h~e 

gs kqs ~os -l~s h3 -hZs ~Ps krs 

ix hq/ -kk I Zml ~l -k~z hrl Znl 

la Im2 hq2 -kk2 J2 ~n2 -k~2 hr2 

is -kks Zms hqs Js hrs Zn3 -kZs 

kl hg~ ki I ~e I Zz kj~ hhl ~f~ 

ke Ze2 hga ki2 ~e ~f2 kJe hh2 

k s kls ~es hgs ~s hhs ~fs kJ3 

ml hcl -kez -Zi~ nx -kfx hdl -ZJ~ 

me -Zl2 hc2 -ke2 n2 -ZJe -kf2 hd2 

ms -kes -~is hcs ns hds -ZJs -kfs 

o I -hel kcl -Zgx Pl kdl -hfz -;hi 

o2 -~g2 -he2 kc2 22 -~h2 kde -hf2 

os kc3 -~g3 -hes P3 -hf3 -~hs kds 

ell -hi I -k~l ~c I r~ -kh i -hJl ~d~ 

q2 ~c e -hi a -kga ra Zd a -k}~ -hi2 

qs -kg3 ZC3 "his rs -his Zd3 -khs 

Note the cyclic relationship. 

* Contribution No. 2994 from the Gates and Crellin 
Laboratories. The work reported in this paper was carried 
out under Contract No. Nonr-220(33) between the California 
Institute of Technology and the Office of Naval Research. 

t Present address: Miami Valley Laboratories, Procter 
and Gamble Co., Cincinnati, Ohio. 

The sums in group I are directly related to sums in 
group I I :  C transforms to D, E to F,  G to H, I to J ,  . . .  
etc., simply by interchanging h and k (see Table 1). 
The derivatives of a sum can be wri t ten down immedia te ly  
by inspection of Table 2 where the derivat ives of each 
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triple product  are listed. For  example, the der ivat ive of 
C (C- - - c  1 + c 2 + ca) with respect to x is equal to 
2n( - hml - lq2 - koa). 

The geometrical  s tructure factors for each set of 
par i ty  conditions on the  indices for every cubic space 
group are presented in Table 3 in terms of the sums of 
triple products  defined in Table 1. The presentat ion 
follows tha t  of International Tables for  X . ray  Crystallo. 
graphy (1952); in cases where the International Tables 
give a choice of origins, the origin is taken  at  a center. 
Corrections in 0 ~ and  O 3 have been made  as directed by 
the errata sheet. 

For  our programs we have uti l ized similarities in the  
structure factor expressions for different space groups. 
For  example,  the s tructure factor expressions for T 1, T ~, 
and  T a are identical except for a different mult ipl ici ty 
factor; the same applies for space groups Tt~, T~, and T~, 
01, O a, and 05, T~, T~, and T~, and O~, 0~, and O~. Some 
pairs of space groups whose similarities have been 
utilized are T 4 and T 5, T~ and T~, T~ and 03, O s and 07, 
O s and T~, T~ and O~ °, O~ and 0~, and O3 and O~. 

We give one example to illustrate the use of the  tables. 
Consider reflections h + k - 2n + 1, k + 1 -- 2n + 1 in space 

group T~. For  the  a toms in one set of general 24-fold 
positions, 

• c  = - 8 1  = - 8 ( i  1 + i 2  + i 3 )  

OFc/Ox = - 8(2z)(hql + lm 2 - k/ca) 
= -8 (2n) [h  cos (2nhx) cos (2nky) sin (2n/z) 

+ l  sin (2nhy) cos (2nkz) cos (2nlx) 

- k  sin (2nhz) sin (2:~kx) sin (2n/y)] . 

We get  2'c from Table 3, I from Table 1, and the  
derivatives from Table 2. 

I t hank  :Drs l~ichard E. Marsh and Sten Samson for 
helpful discussions and encouragement .  
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N o t e s  and  News  
Announcements and other items of crystallographic interest will be published under this heading at the discretion of the 

Editorial Board. The notes (in duplicate) should be sent to the General Secretary of the International Union of CrystaUo- 
graphy (D. W. Stairs, Mathematisch Instituut,  University of Groningen, Reitdiepskade 4, Groningen, The Nether- 
lands). Publicat, on of an item in a particular issue cannot be guaranteed unless the draft is received 8 weeks 
before the date of publication. 

International Union of Crystallography 

Acta Crystallographica 

The Execut ive  Commit tee  of the  Union  and the  Com- 
mission on Acta Crystallographica regret to announce 
tha t  pressure of other work has caused the  resignation 
of Professor E. W. Hughes as Co-editor of Acta Crystal- 
lographica. Professor Hughes  was appointed in 1956 

when the  increasing number  of papers offered for pub- 
licaiton in the  journal  made  the  appoin tment  of a 
second U.S.A. Co-editor desirable. The Union is great ly 
indebted  to him for his work for Acta Crystallographica, 
and in this way for the  communi ty  of crystallo- 
graphers. 

The Execut ive  Commit tee  has approved the  appoint-  
m e n t  of Dr R. E. Marsh, of the California Ins t i tu te  of 
Technology, as successor to Professor Hughes.  


