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Structure-factor and least-squares expressions for cubic crystal systems with isotropic
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(Received T May 1963)

A set of expressions is presented for calculating structure-
factors and least-squares coefficients for cubic structures
with isotropic temperature factors. These expressions
have been utilized in programming the Burroughs 220
and IBM 7090 computers to perform structure-factor
least-squares calculations for any cubic space group;
to direct the course of calculations for a particular
space group, only the space group number need be
designated. The expressions will complement those
presented by Hybl & Marsh (1961) for the orthorhombic
system; however, we will not now carry their treatment
of anisotropic temperature factors into the cubic system
because of the extreme complexity and unwieldiness of
the resultant structure-factor expressions and because
of the generally assumed isotropic nature of atoms in
cubic structures. A set of expressions for tetragonal,
trigonal, and hexagonal systems with anisotropic vibra-
tions is being prepared for publication.

Table 1. Definition of triple products and sums of
triple products

C = cos2m S = sin2m

Group I hx ky fz hy kz £x hz kx {gy
C = Chx'Cky-Cfz + Chy-Ckz+Cfx + Chz*Ckx-Cly = <y + <, + s
E = Shx*Sky*Cfz + Shy*Skz*Cf{x + Shz'Skx*Cly = € + ez + e
G & Chx*Sky*Sfz + Chy-Skz*Sfx + Chz-Skx:Sfy = g + g, + g3
I = Shx-Cky*Sfz + Shy-Ckz-Sfx + Shz:«Ckx-S{y = il + iZ + i3
K= Shx*Sky:-Sfz + Shy-Skz-Sfx + Shz-Skx-Sfy = kl + kz + k3
M= Shx-Cky:Cfz + Shy-Ckz-Cix +Shz-Ckx+Cly = m +m, +m,
O = Chx:Sky:Cfz + Chy-Skz:Cix + Chz-Skx-Cly = o, +0, + o0y
Q= Chx:Cky-Sfz .+ Chy-Ckz:Six + Chz:Ckx'Sty = q, + q, ta

Group II hy kx 1Lz hz ky £x hx kz fy
D = Chy-Ckx'Cfz *Chz:Cky-Cix + Chx-Ckz+Cly = d, +d, +d,
F = Shy-Skx:Cfz + Shz*Sky-Cfx + Shx-Skz-Cly = f1+f2+f3
H= Chy-Skx-Sfz +Chz:Sky-Sfx +Chx:Skz-Sty = h +h, +hy
J = Shy-Ckx*Sfz + Shz-Cky.S¢x + Shx:Ckz-5fy = jl + jz + j3
L = Shy-Skx-S{z + Shz-Sky-Sfx + Shx-Skz-Sty = Il +£2+13
N = Shy:Ckx'Cfz + Shz:Cky-Cfx + Shx-Ckz:Cly = n o+ n, + n,
P= Chy*Skx*Cfz + Chz:.Sky-Cfx + Chx+Skz-Cly = Pyt P, + P3
R = Chy+Ckx*Sfz + Chz:Cky-Sfx + Chx-Ckz:Sfy = r +r, +r

* Contribution No. 2994 from the Gates and Crellin
Laboratories. The work reported in this paper was carried
out under Contract No. Nonr-220(33) between the California
Institute of Technology and the Office of Naval Research.

+ Present address: Miami Valley Laboratories, Procter
and Gamble Co., Cincinnati, Ohio.

All of the geometrical structure factors for the cubic
system have been reduced to sums of triple products
of sines and cosines. A total of 48 different triple products
are utilized; these triple products and the 16 sums of
3 triple products are defined in Table 1. The triple
products are divided into two groups. Space groups of
symmetry 7' or T, require expressions in group I only;
furthermore, the derivatives with respect to the para-
meters z, ¥, and z (and, of course, B) of any triple product
in group I (or II) are other triple products in group I

h
(or IT) multiplied by +2x|k|.
l

Table 2. Derivatives of triple products

All derivatives to be multiplied by 27.
For example, read hm, as 2whm,

Group I Group II
x ¥ z x ¥ z
c1 ~hmy ~koy, =1qy dy -kpy ~hn, ~-iry
cz -laz ~hmp ~koz da ~irz -kpz -hnp
c3 ~kog -lqa -bmg da -hng -lra ~kpa
1 hoy Yy -lky i kny hpy ~11ly
ea ~lka hop kmz f2 -1l knp hpa
ea kmg  -lka hos £a hpg  -lla Xng
€ -hky kqy 10, hy kry ~hly Wy
g2 loa ~hkz kgz hz 1p2 krz  -hlz
g3 kaa loz ~hkg ha  ~hlz ra kra
iy hqy  ~kky Tmy Ja “kly hry iny
iz lmp hga -kko J2 nn “klz hrp
ia -kka g hag Ja hrg ing ~kla
ky hgy kiy ley 2% kL nhy iy
k2 lez  hez kiz 12 2 kj2 hhp
ks kiz les hega 13 hhg ifg kja
my, hey  ~ke, -y ny “kfy hd, EYAEY
mp -lia hep -kep nz -1J2 ~kfp hda
ma -keg ~lig hea na hdg -lia ~kfa
o1 -hey key -1g1 P kdy -hfy ~1h;
o2 -1g2 ~hep ke P2 ~lhp kdp ~hfp
oa keg -lgs ~heg Ps ~hfs ~lhg kda
@ -hiy  -kgy ley ry  -khy  <hj, 1dy
gz lcp -hip -kg2 Tz 142 -khp ~hjz
qa ~kga lca ~hig Ta ~lja lda ~khg

Note the cyclic relationship.

The sums in group I are directly related to sums in
group II: C transforms to D, E to F, G to H, Itod, ...
etc., simply by interchanging k and % (see Table 1).
The derivatives of a sum can be written down immediately
by inspection of Table 2 where the derivatives of each
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triple product are listed. For example, the derivative of
C (C =c¢; + ¢y + ¢;) with respect to x is equal to
2n( —hm, —lg, — ko,).

The geometrical structure factors for each set of
parity conditions on the indices for every cubic space
group are presented in Table 3 in terms of the sums of
triple products defined in Table 1. The presentation
follows that of International Tables for X-ray Crystallo-
graphy (1952); in cases where the International Tables
give a choice of origins, the origin is taken at a center.
Corrections in O7 and O} have been made as directed by
the errata sheet.

For our programs we have utilized similarities in the
structure factor expressions for different space groups.
For example, the structure factor expressions for 7%, 7%,
and T° are identical except for a different multiplicity
factor; the same applies for space groups T}, 7%, and T3,
0%, 03, and 0%, T, T%, and T3, and O}, 0}, and 0j. Some
pairs of space groups whose similarities have been
utilized are T4 and 7%, T% and T4, T4 and O}, 0% and 07,
0% and T§, T§ and O}, 0} and 0%, and O} and O5.

We give one example to illustrate the use of the tables.
Consider reflections A +k=2n+1, k+1=2n+1 in space

group T'%. For the atoms in one set of general 24.fold
positions,

Fe= —8I = —8(i, +1, +1,)
OF oJow = — 8(2n)(hqy +Im, — ki,
— 8(2n)[h cos (2nhx) cos (2rky) sin (2nlz)

+1 sin (2nhy) cos (2nkz) cos (2nlx)
—k sin (27hz) sin (2nkz) sin (2nly)] .

il

We get F. from Table 3, I from Table 1, and the
derivatives from Table 2.

I thank Drs Richard E. Marsh and Sten Samson for
helpful discussions and encouragement.
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Notes and News

Announcements and other items of crystallographic interest will be published under this heading at the discretion of the
Editorial Board. The notes (in duplicate) should be sent to the General Secretary of the International Union of Crystallo-
graphy (D. W. Smits, Mathematisch Instituut, University of Groningen, Reitdiepskade 4, Groningen, The Nether-
lands). Publicat.on of an item in a particular issue cannot be guaranteed unless the draft is received 8 weeks

before the date of publication.

International Union of Crystallography
Acta Crystallographica

The Executive Committee of the Union and the Com-
mission on Acta Crystallographica regret to announce
that pressure of other work has caused the resignation
of Professor E. W. Hughes as Co-editor of Acta Crystal-
lographica. Professor Hughes was appointed in 1956

when the increasing number of papers offered for pub-
licaiton in the journal made the appointment of a
second U.S.A. Co-editor desirable. The Union is greatly
indebted to him for his work for Acta Crystallographica,
and in this way for the community of ecrystallo-
graphers.

The Executive Committee has approved the appoint-
ment of Dr R. E. Marsh, of the California Institute of
Technology, as successor to Professor Hughes.



